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Abstract. Corollary 2.3 in our paper jPiOlOQ] is false. Here we 
show how to avoid the use of this corollary to give a simpler proof of 
Karpelevich-Mostow theorem. We also include a short discussion 
of the original proof by Karpelevich. 



We want to point out that Corollary 2.3 in our paper |DiO109] is 
false. A counterexample is as follows. Let M = G / K he a. riemannian 
symmetric space of rank > 1 and let K.Vp, Vp 7^ 0, be a focal orbit of the 
action of K on TpM, where p = [K]. The normal space r := u^^lK.Vp) 
is a Lie triple system having a non-trivial flat factor o. So the group 
of isometrics of the totally geodesic submanifold Exp{x) contains as 
a factor a semisimple subgroup G which preserves all the points at 
infinity produced by the geodesies with initial directions at o. So such 
a G is a counterexample to Corollary 2.3. The confusion comes from 
the rank one case in which Corollary 2.3 is true. 

Since Corollary 2.3 was used in the proof of Theorem 4.1 it follows 
that the geometric proof of Karpelevich-Mostow theorem in |DiO109] 
does not work. Fortunately, Theorem 4.1 in |DiO109] can be avoided 
and actually the main idea of our proof still works giving an 
even simpler proof of the Karpelevich-Mostow theorem. The 
key observation is the following proposition. 

Proposition 0.1. LetV be a symmetric space of non positive curvature 
and let G C lso{V) be a connected Lie subgroup of isometrics. Let 
M G V be a totally geodesic submanifold invariant by G, i.e. if x E M 
and g E G then g.x G M. If G has a totally geodesic orbit in V then 
G has also a totally geodesic orbit in M . 

Proof. For the sake of completeness we repeat here part of the proof 
of Proposition 3.1 of our article [DiOlOQ] . Let M' = G.p' be a totally 
geodesic orbit of the action of G on X. We assume p' ^ M otherwise 
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G has a totally geodesic orbit in M and we have nothing to prove. Let 
now 7(t) be a unit speed geodesic of X starting at p' = 7(0) G M' 
which realizes the distance d between p' and M. Observe that 7'(c?) 
is perpendicular to M so '~i'{d) is also perpendicular to the G-orbit 
G.'y{d). By elementary properties of Killing vector fields it follows that 
■y'{t) is always perpendicular to the orbits G.'yit). 

We claim that = G.^{d) is a totally geodesic submanifold 
of M. 

For each Killing vector field X & q define 

fit) := (VvwX,X) = AMf 
where V is the Levi-Civita connection of S. 



Notice that /(O) = f{d) = 0. Indeed, /(O) = follows from the 
Killing equation and the fact that G.'~f{0) is a totally geodesic subman- 
ifold of S. The equality f{d) = follows since 7'((i) is perpendicular to 
the totally geodesic submanifold M. Then by computing f'{t) we get: 

= (VywVywX,X) + llVy^XlP 
= -(i?X,yW7'W,^) + l|Vy(i)X||2 

> . 

Here R is the curvature tensor of S and the second equality follows from 
the fact that Killing vector fields are Jacobi fields along geodesies. 
Then ^/(t) = and so we have 



(1) Vy^t)X={Rx,,'it)l'{t),X)=0 . 

Notice that the second equality implies Rx,-y'{t){-) = since 5* is a 
symmetric space. 

Let r]{t) be a V-parallel vector field along 'j{t) such that 77(0) is 
perpendicular to (7.7(0). To complete the proof that G.'y{d) is a totally 
geodesic submanifold of M we have to show that 

{VxX,v{d)) = . 

Let F{s,t) := Exp{sX).'y{t) be the surface generated by the Killing 
vector field X and the geodesic 7(t). 
Observe that: 
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So 



^(VxX,r/(t)) = ( 
= ( 



D D (9 

dt ds ds 
D D d 

ds dt ds 



Fis,t)l=o,vit)) 



F{s,t)l=o,vit)) + {RYit),xX,r]{t)) 



, 



where the last equahty follows from equations ([T]) as explained above. 
Since {VxX,r]{0)) = it follows that {VxX,r]{t)) = 0. 

So is a totally geodesic submanifold of M and this proves the 
proposition. □ 

Recall that the Karpelevich-Mostow theorem claims that a semisim- 
ple Lie subgroup G C Iso(M), where M is a symmetric space of nega- 
tive Ricci curvature, has a totally geodesic orbit G.p C M. 

To prove the theorem notice that any such symmetric space M 
can be equivariant and totally geodesically embedded in some V = 
SL{n,M.)/ SO{n). By the above proposition it is enough to show that 
a semisimple Lie subgroup G C SL{n, M) has a totally geodesic orbit 
in V. But this is a consequence of the so-called unitary Weyl's trick 
(for details see Proposition 2.2 of |DiO109] ). 



After we wrote this corrigendum we found that the structure of the 
original proof by Karpelevich contained in |Kar53j is the same as our 
proof. More precisely, Lemma 2 in |Kar53[ page 402] is the special 
case of Proposition 10.11 in which G is assumed to be semisimple. It is 
clear that the hypothesis of G being "semisimple" can not be omitted 
in Karpelevich's proof. Thus, the idea of Karpelevich cannot be used 
to prove Proposition 10.11 

Then the proof of Theorem 1 |Kar53l page 403] consists, as in our 
proof, in establishing the existence of a symmetric space V in which 
both semisimple Lie groups G and Iso(M) have totally geodesic orbits. 
Notice that we took V = S LlrijlS.) / SO{n) whilst Karpelevich chose V 
as the symmetric space of non-compact type such that the Lie algebra 
of the isometry group Iso{V) is the complexification of the Lie algebra 
of the Lie group Iso(M). 
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